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We present a comprehensive first-principles analysis of the non-adiabatic effects due to the electron-phonon
interaction on the vibrational spectrum of the electron-doped monolayer MoS2. Deep changes in the Fermi
surface upon doping cause the linewidth broadening of the normal modes governing the spin-conserving inter-
valley electronic scattering, which become unstable with the population of all the spin-split conduction val-
leys. We find that the non-adiabatic spectral effects modify dramatically the adiabatic dispersion of the long-
wavelength optical phonon modes, responsible for intra-valley scattering, as soon as inequivalent valleys get
populated. These results are illustrated by means of a simple analytical model. Finally, we explain the emer-
gence of an intricate dynamical structure for the strongly interacting out-of-plane polarized A′1 optical vibra-
tional mode spectrum by means of a multiple-phonon quasi-particle picture defined in the full complex fre-
quency plane, showing that this intriguing spectral structure originates from the splitting of the original adiabatic
branch induced by the electron-phonon coupling.
I. INTRODUCTION
Most standard first-principles calculations of both elec-
tronic and vibrational properties of solids [1–3] rely on the
adiabatic approximation [4], which assumes an instantaneous
response of the carriers to the motion of ions, and there-
fore, that the lattice dynamics is only influenced by electro-
static fields. The adiabatic approximation has proved to be
of great success, as demonstrated by the good agreement be-
tween experimental and theoretical phonon dispersions, as
well as electron-phonon coupling strengths [5–9]. The rea-
son of this success is partially due to the fact that the correc-
tions to the vibrational spectrum induced by the interaction
with electrons beyond the adiabatic approximation, i.e. non-
adiabatic effects, are in most cases weak in metals [10]. How-
ever, both Migdal [10] and Engelsberg and Schriffer [11] al-
ready indicated the possibility of large non-adiabatic effects
on optical phonon dispersions in the long-wavelength limit,
which was subsequently studied by means of simple mod-
els [12, 13]. Since then, great efforts have been made to ex-
perimentally detect such many-body effects, mainly by Ra-
man spectroscopy [14], but also using inelastic neutron [15]
and x-ray spectroscopies [16], all of them being valuable tools
for reporting lattice vibrational spectra. Thereby, phonon fre-
quency renormalizations due to electron-phonon interactions
have been found in several cases, among them standing out
large phonon frequency hardenings of up to 30% [16–23]. In
all these systems, an approximated ab initio lattice vibrational
theory including non-adiabatic effects has proved to be essen-
tial in order to interpret the experimental spectra, that other-
wise can not be explained only within the adiabatic approach.
More recently, Raman experiments on the monolayer MoS2
have revealed strong sensitivity to electron-doping of the opti-
cal phonons with a dominant out-of-plane polarization, which
exhibit an increasing frequency softening at low carrier con-
centrations (ρ < 2× 1013 cm−2) [24]. Although this ef-
fect was first understood by means of adiabatic vibrational
calculations, several works focussing in the small momen-
tum range have pointed out the importance of non-adiabatic
corrections when increasing the carrier doping concentration
(ρ ∼ 5× 1013 cm−2) [25, 26]. Moreover, the experimentally
measured superconductivity [27] and the intricate carrier pho-
toemission spectra [28] at larger doping have been theoreti-
cally explained by a considerably large strengthening of the
electron-phonon coupling promoted by abrupt changes in the
topology of the Fermi surface (FS) [29–31]. In this respect,
large adiabatic frequency softenings of the strongly interact-
ing phonons mediating electronic inter-valley scattering have
been also obtained by ab initio calculations [32, 33].
In this paper, we analyze the non-adiabatic corrections in-
duced by the electron-phonon coupling to the whole vibra-
tional spectrum of the electron-doped monolayer MoS2 from
first-principles. For the phonon modes driving effective elec-
tronic inter-valley scattering, we report large spectral broad-
enings as soon as the corresponding spin-conserving electron-
hole channels are energetically allowed with increasing dop-
ing. Besides, we detect that these vibrational modes develop
lattice instabilities precisely at the moment when all the mul-
tiple inequivalent spin-split conduction-valleys get populated.
Interestingly, large phonon frequency hardenings and sharp
dispersions emerge for the optical vibrational branches ac-
companied by an intricate dynamical structure and the broad-
ening of the spectral function at finite momenta close to the
Brillouin zone (BZ) center. We explain the emergent spectrum
in terms of a multiple-phonon quasi-particle picture which
puts in evidence the splitting of the optical phonon branch in-
duced by the electron-phonon interaction.
This paper is organized as follows. In Sec. II, we briefly re-
view the theory based on many-body Green’s function meth-
ods for calculating from first-principles non-adiabatic effects
due to electron-phonon interactions on lattice vibrations. Sec-
tion III summarizes the computational details. In Sec. IV A,
we shortly present the electronic and vibrational adiabatic cal-
culations of the doped monolayer MoS2 as a necessary step
before addressing in Sec. IV B the calculated phonon spectral
functions including non-adiabatic effects. In Sec. IV C, we
concisely emphasize the importance of the complex frequency
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2plane in order to correctly describe and understand the emer-
gent and intricate spectrum in terms of phonon quasi-particles.
Section V summarizes our conclusions.
II. THEORY
Since the adiabatic approximation neglects retardation ef-
fects on the electronic response to the ionic motion, the in-
teratomic force constants are strictly real magnitudes within
this approximation. The adiabatic phonons are defined as the
solutions of the secular eigenvalue problem [3],
∑
s′α ′
Dαα
′
ss′ (q)e
s′α ′
ν (q) = ω
2
ν (q)e
sα
ν (q), (1)
where ων(q) and esαν (q) are the frequency and the polariza-
tion vector of the lattice vibrational normal mode with branch
index ν and momentum q, respectively. Here and in the fol-
lowing, atomic units are used. Dαα
′
ss′ (q) is the adiabatic dy-
namical matrix which is related to the Fourier transform of
the interatomic force constant matrix, Cαα
′
ss′ (q), as follows:
Dαα
′
ss′ (q) = C
αα ′
ss′ (q)/
√
MsMs′ , with Ms the mass of the s-th
ion within the unit cell (u.c.). Since Dαα
′
ss′ (q) is Hermitian
by definition, the adiabatic phonons as defined above have
real frequencies and are, therefore, infinitely long-lived ex-
citations [3]. Physically, the interatomic force constants de-
scribe the force acting on the s-th ion in the α direction
when the s′-th ion is displaced along the α ′ direction from its
equilibrium position [34]. In this sense, a useful expression
for Cαα
′
ss′ (q) can be obtained by differentiating the Hellmann-
Feynman forces [35] with respect to the ionic displacements
from the equilibrium geometry and using the density linear
response theory [34]
Cαα
′
ss′ (q) =
∫∫ ∂Vscf(r)
∂uα ′s′ (q)
(
χ0q(r,r
′,0)
∂Vscf(r′)
∂uαs (q)
)∗
drdr′
−
∫∫ ( ∂n(r)
∂uαs (q)
)∗
K(r,r′)
∂n(r′)
∂uα ′s′ (q)
dr′dr
+
∫
n(r)
∂ 2Vext(r)
∂u∗αs (q)∂uα
′
s′ (q)
dr+
∂ 2Eion
∂u∗αs (q)∂uα
′
s′ (q)
.
(2)
Here, n(r),Vext(r) and Eion are the electron charge density, the
electron-ion interaction external potential and the Coulomb
interaction energy between nuclei, respectively. K(r,r′) is
the Hartree and exchange-correlation kernel. uαs (q) corre-
sponds to the displacement amplitude of the s-th ion along
the α direction for a lattice distortion of wave vector q.
∂Vscf(r)/∂uαs (q) and ∂n(r)/∂uαs (q) are the self-consistent
static-screened change of the external potential and charge
density, respectively, with respect to the ionic displacement
uαs (q). χ0q (r,r′,ω) is the density-response function of the
non-interacting electronic system, defined as [36]
χ0q
(
r,r′,ω
)
=
1
Nk
1BZ
∑
k
∑
mn
f (εkn )− f (εk+qm )
εkn − εk+qm +ω+ iη
×(
ψkn (r)
)∗ψk+qm (r)(ψk+qm (r′))∗ψkn (r′),
(3)
where εkn and ψkn (r) are the energy and wave function of the
Kohn-Sham (KS) electron state of band index n and momen-
tum k, respectively. f (εkn ) represents the Fermi-Dirac (FD)
occupation factor of the KS state, η is a positive real infinites-
imal and Nk is the number of k-points considered for the BZ
integral. All the magnitudes presented so far are directly ac-
cessible from state-of-the-art calculations based on the density
functional theory (DFT) [1, 2] and the density functional per-
turbation theory (DFPT) [3]. From the first term on the right-
hand side of Eq. 2, it is clear that the adiabatic dynamical ma-
trix in Eq. 1 is valid as long as a electronic static-screening of
lattice vibrations is similar to the response function at typical
phonon frequencies, i.e. χ0q (r,r′,ω) ≈ χ0q (r,r′,0). In other
words, adiabatic phonons are valid as long as the phonon-
mediated electronic transition energies between occupied and
empty states are much greater than the vibrational frequencies
themselves, i.e. |εkn − εk+qm |  ων(q) in Eq. 3.
The above condition is satisfied in insulators and large-gap
semiconductors, but may be compromised for several met-
als and narrow-gap semiconductors. This is so because the
dynamical matrix should in principle incorporate the retar-
dation effects on the electronic response to the ionic motion
with a finite frequency dependence (ω 6= 0). In this case,
Eq. 1 becomes a self-consistent dynamical problem given by∣∣Dαα ′ss′ (q,ω)−ω2∣∣ = 0 [34]. The effects due to the dynam-
ical response of the electron gas are equivalently taken into
account by means of many-body perturbation theory based on
Green’s functions [36]. Within this formalism, the dressed
phonon Green’s function for normal modes with momentum
q,Dνν ′(q,ω), is obtained from the bare phonon Green’s func-
tion, D0νν(q,ω), and the phonon self-energy, Πνν ′(q,ω), by
solving the following Dyson’s equation [37]
Dνν ′(q,ω)
−1 =D0νν(q,ω)
−1−Πνν ′(q,ω). (4)
The above equation describes the dynamical perturbation due
to the electron-phonon coupling, which is encoded by the
Πνν ′(q,ω) matrix, and in principle describes the hybridiza-
tion of the bare phonon modes given by the diagonal matrix
D0νν(q,ω). However, we found numerically that the diag-
onal approximation turns out to be excellent in MoS2, and
hereinafter, only the diagonal form of the Dyson’s equation
is considered for simplicity. The formal definition of the
phonon self-energy in Eq. 4 includes an impractical infinite se-
ries of electron-phonon Feynman diagrams. From now on we
will consider only the simplest polarization diagram for the
phonon self-energy [37]. This procedure leads to the exten-
sively used expression of the so-called retarded phonon self-
energy due to the electron-phonon interaction [38]
Πν(q,ω) =
1
Nk
1BZ
∑
k
∑
mn
∣∣gνmn(k,q)∣∣2 f (εkn )− f (εk+qm )εkn − εk+qm +ω+ iη . (5)
Here, gνmn(k,q) are the static-screened electron-phonon ma-
trix elements, defined as [37]
gνmn(k,q) =∑
sα
esαν (q)√
2ων(q)Ms
〈
ψk+qm
∣∣∣∣ ∂Vˆscf∂uαs (q)
∣∣∣∣ψkn〉, (6)
3which physically describe the strength of the effective cou-
pling between the KS states |ψkn 〉 and |ψk+qm 〉 via the normal
mode of branch index ν and momentum q. The matrix el-
ements in Eq. 6 as well as the retarded phonon self-energy
in Eq. 5 are directly computable magnitudes from DFT and
DFPT calculations. The phonon self-energy physically ac-
counts for both the dynamical (ω 6= 0) and static (ω = 0)
screening of lattice vibrations by electron-hole pair excita-
tions induced by the phonon itself. It therefore holds the in-
formation on the vibrational frequency renormalizations and
linewidth broadenings due to the electron-phonon interaction
up to first order. In this respect, from Eq. 5, it is clear that large
corrections should be expected when the phonon-mediated
electronic transition energies are close to the vibrational fre-
quencies, i.e. |εkn − εk+qm | ≈ ων(q).
In practice, one has to be careful when accounting for the
static screening contributions to the phonon self-energy in
Eq. 5, and bear in mind that these terms are already included
in the adiabatic phonon calculations. Within this scheme, the
bare propagator in Eq. 4 for a phonon mode with branch in-
dex ν and momentum q is defined in terms of the adiabatic
phonon frequency as
D0ν (q,ω) =
1
ω−ων(q)+ iη −
1
ω+ων(q)− iη
=
2ων(q)
ω2− (ων(q)− iη)2 .
(7)
Thus, the actual expression of the phonon self-energy that
takes into account only retardation effects on the electronic
response to the ionic motion, i.e. non-adiabatic effects due to
the electron-phonon interaction, is given by [39]
Π˜ν(q,ω) =Πν(q,ω)−Πν(q,0). (8)
Plugging now Eq. 7 in Eq. 4 and substituting Πν(q,ω) with
Π˜ν(q,ω), one finds the expression for the retarded dressed
phonon Green’s function including non-adiabatic effects:
Dν(q,ω) =
2ων(q)
ω2−ω2ν (q)−2ων(q)Π˜ν(q,ω)
. (9)
Within the Green’s function formalism, the poles of the
dressed phonon propagator in Eq. 9 conform the actual vi-
brational quasi-particle spectrum of the system, i.e. dressed
phonons with renormalized frequencies and finite life-
times due to many-body effects. Thus, the solutions of
the quasi-particle equation are defined as ω2 − ω2ν (q) −
2ων(q)Π˜ν(q,ω) = 0. At this point, it is essential to realize
that although ω has been so far considered as a purely real
excitation frequency, the Dyson’s equation should in princi-
ple be solved for the entire complex plane, where the com-
plex poles, zν(q), describe the phonon quasi-particle exci-
tation frequencies, Ων(q), and linewidths, γν(q), in a uni-
fied way, zν(q) = Ων(q)− iγν(q). This is so because the
phonon self-energy is itself a complex function of complex
frequency argument. The complex extension of the Dyson
equation into the whole complex plane leads to two coupled
non-linear equations for the renormalized phonon frecuencies
and linewidths [39]:
Ω2ν(q) =ω
2
ν (q)+ γ
2
ν (q)+
2ων(q)ReΠ˜ν
(
q,Ων(q)− iγν(q)
)
γν(q) =− ων(q)Ων(q) ImΠ˜ν
(
q,Ων(q)− iγν(q)
)
.
(10)
Above, the non-linear coupling between the real and the imag-
inary parts of the quasi-particle poles appears explicitly ob-
vious. Similar to the case of electrons [40, 41], the main
drawback for solving the complex phonon Dyson’s equation
in Eq. 10 consists on extending the phonon self-energy into the
whole complex frequency plane, i.e. to consider the latter as as
a complex function of complex variable. In this respect, fol-
lowing Ref. [40–43], one can recover a mathematically mean-
ingful Dyson’s equation in the whole complex plane by first
replacing (ω→ z) in the phonon self-energy for the upper half
complex plane, and then analytically continuing the obtained
Π˜ν(q,z) from the upper to the lower half complex plane.
The role of the complex frequency plane in Eq. 10 has
been traditionally neglected in ab initio calculations, assum-
ing that γν(q) Ων(q) and | ImΠ˜ν(q,ω)|  ReΠ˜ν(q,ω).
Therefore, considering the analytical continuation of the
phonon self-energy is not the standard treatment. Follow-
ing the above approximations, the phonon quasi-particle
frequencies may be approximated by solving the phonon
Dyson’s equation (Eq. 10) only along the real frequency
axis, i.e. the so-called Brillouin-Wigner perturbation the-
ory [36], as in Ref. [16, 22, 23], finding
(
ΩBWν (q)
)2 ≈
ω2ν (q) + 2ων(q)ReΠ˜ν
(
q,ΩBWν (q)
)
. An even more dras-
tic approximation, but most frequently considered in liter-
ature, is to consider the non-selfconsistent version of the
Dyson equation as in Ref. [17–21],
(
ΩRSν (q)
)2 ≈ ω2ν (q) +
2ων(q)ReΠ˜ν
(
q,ων(q)
)
, which is equivalent to the Rayleigh-
Schrödinger perturbation theory [36].
In this work, we compute the retarded dressed phonon
Green’s function in Eq. 9 by means of the first-principles cal-
culations of the retarded phonon self-energy in Eq. 8. In
Sec. IV B, we present the calculated phonon spectral func-
tions. In Sec. IV C, we consider an approximate numerical
procedure to obtain the complex phonon quasi-particle poles
in the entire complex frequency plane, and discuss the possi-
ble limitations of the above standard procedures.
III. COMPUTATIONAL METHODS
All self-consistent first-principles calculations were per-
formed using the noncollinear DFT [1, 2] and DFPT [3] with
fully relativistic norm-conserving pseudopotentials [44, 45] as
implemented in the QUANTUM ESPRESSO package [46]. The
Perdew-Zunger local density approximation was adopted in
order to describe the exchange-correlation potential [47]. For
electronic calculations, we used a 32×32 k-mesh in combina-
tion with a Gaussian smearing of 5 mRy and a plane-wave ba-
sis with a cutoff of 80 Ry. Lattice vibrational properties were
4FIG. 1. (a) Electron conduction-band structure (left) and the corre-
sponding DOS (right) of the undoped monolayer MoS2 on the meV
range of energy. Solid blue and dashed red lines represent opposite
out-of-plane spin-polarized bands. The inset shows the band struc-
ture on the eV range centered on the semiconducting direct gap at
the high-symmetry point K(K′), with an energy of about 1.7 eV.
(b) Phonon dispersion relation (left) and the corresponding phDOS
(right) of the undoped monolayer MoS2.
evaluated based on the calculation of the dynamical matrices
on a coarse 8× 8 q-mesh [48]. Carrier doping effects were
self-consistently taken into account by the addition of excess
electronic charge into the unit cell system, compensated by a
uniform positive jellium background. Electron-phonon matrix
elements were calculated considering doping-sensitive full-
spinor electron states, phonon states and deformation poten-
tials, on coarse 16×16 and 8×8 k and q-meshes for electrons
and phonons, respectively. The computation of all electron-
phonon related magnitudes was carried out through fine inte-
grals over the 1BZ, using Wannier scheme interpolated ma-
trix elements [49–51]. In particular, the 1BZ summations of
the retarded phonon self-energy in Eq. 5 are computed using
a mesh of 1800×1800 k-points with a broadening parameter
of η = 1 meV and a smearing energy of 5 meV equivalent to
a temperature of 58 K included via the FD occupation factors.
The monolayer MoS2 consists of a hexagonal close-packed
structure of two planes of sulfur (S) atoms with an interca-
lated plane of molybdenum (Mo) atoms, bounded in a trigonal
prismatic arrangement. We considered the in-plane lattice pa-
rameter equal to the experimental bulk value a= 3.16 Å [52],
and a height of five times a, which provides a large enough
vacuum in order to avoid any interplay between adjacent
sheets. In all cases, the equilibrium cell geometry was de-
termined keeping the lattice parameter fixed to a, and relaxing
all atomic forces up to at least 10−6 Ry/a.u.. For the undoped
monolayer, the relaxed interplanar distance is equal to 1.56 Å,
equivalent to a Mo-S bond length of 2.40 Å.
IV. RESULTS AND DISCUSSION
A. Electronic and vibrational properties of the monolayer
MoS2 within the adiabatic approximation
We start this section by briefly presenting the electronic and
vibrational structures of the undoped monolayer MoS2 within
the adiabatic approximation. Figure 1(a) shows the electron
conduction-band structure (left) and its corresponding density
of states (DOS) (right) on the meV range of energy, while the
inset in the left panel shows the band structure on the eV range
centered on the semiconducting direct band-gap. The solid
blue and dashed red lines represent the opposite out-of-plane
spin-polarized conduction bands, due to the pure 2D nature
of the system [53]. An energy minimum is predicted at the
Q(Q′) points, about 140 meV higher in energy than the main
minimum at the K(K′) points. Furthermore, while the K(K′)
valleys are almost spin-degenerated, spin-orbit (SO) interac-
tion induces an energy splitting of ∆SO ∼ 80 meV at the Q(Q′)
band edges. Figure 1(b) shows the adiabatic phonon disper-
sion (left) and its related density of states (phDOS) (right) of
the undoped monolayer MoS2. The in-plane vibrating longi-
tudinal (LA) and transverse (TA) acoustic normal modes dis-
perse linearly near the Γ point, while the out-of-plane acoustic
(ZA) branch exhibits a parabolic dispersion. The E′′ and E′ vi-
brational branches correspond to two pairs of in-plane longi-
tudinal (LO) and transverse (TO) optical modes, degenerated
at the Γ point with an energy of 36 meV and 48 meV, respec-
tively. While E′′ modes correspond to only S atoms vibrat-
ing in counterphase, Mo and S atoms vibrate in counterphase
in the E′ branches. The A′1 mode corresponds to the almost
dispersionless optical branch at 51 meV at the Γ point, with
S atoms vibrating out-of-plane in counterphase. Finally, the
A′′2 mode corresponds to the highest frequency optical mode
with an energy of 59 meV at the Γ point, with Mo atom and
S atoms vibrating out-of-plane in counterphase. Our calcula-
tions are in excellent agreement with previous theoretical and
experimental results [54–57].
Henceforth, we focus on the influence of the electron-
doping on both the electronic and vibrational properties of
the monolayer MoS2, which are in fact necessary before ad-
dressing our later analysis on the electron-phonon induced
non-adiabatic corrections to the phonon spectrum. It is also
a valuable examination, as it allows to do a first scan of nor-
mal modes coupled to electrons by exploring for instance
the presence of frequency softenings. Figures 2(a)-(c) present
the conduction-band structure of the doped monolayer MoS2
(left) and its related DOS (right) for three representative car-
rier doping concentrations ρ = 0.03, 0.09 and 0.135 e/u.c., re-
spectively [58]. As before, the solid blue and dashed red lines
represent the opposite out-of-plane spin-polarized conduction
bands. The dashed-dotted green lines delimit the shaded
green area that represents the energy window within which
an electron-hole pair can be energetically excited by the emis-
sion or absorption of a phonon. Additionaly, the inset in the
left panels shows the corresponding Fermi contour for each
doping level. We can easily distinguish three different dop-
ing regimes: the “small” doping regime for ρ 6 0.06 e/u.c.,
5FIG. 2. Electron conduction-band structure (left) and its corresponding DOS (right) of the monolayer MoS2 for some representative electron-
doping concentrations ρ = 0.03 (a), 0.09 (b) and 0.135 e/u.c. (c). The inset in left panels show the FS countour. Solid blue and dashed red
lines represent opposite out-of-plane spin-polarized bands. The Fermi level is set to zero (horizontal dotted black line). Horizontal dashed-
dotted green lines delimit the energy window (shaded green area) within which an electron-hole pair can be excited (relaxed) by the decay
(emission) of a phonon with maximum frequency ωmax = 60 meV. Phonon dispersion relation (left) and its corresponding phDOS (right) of
the monolayer MoS2 for the representative carrier concentrations ρ = 0.03 (d), 0.09 (e) and 0.135 e/u.c. (f). Solid gray and dashed magenta
lines represent the undoped and doping-dependent phonon branches, respectively.
where only the K(K′) valleys are occupied (see Fig. 2(a)
and supplemental Fig. S1(a)-(d)); the “intermediate” doping
regime for 0.06 e/u.c 6 ρ 6 0.120 e/u.c, where the lower
spin-split Q(Q′) valleys get also populated (see Fig. 2(b) and
supplemental Fig. S1(e)-(h)); and the “large” doping regime
for ρ > 0.120 e/u.c., where the upper spin-split Q(Q′) states
are finally occupied (see Fig. 2(c) and supplemental Fig. S1(i)-
(j)). The high doping-sensitivity of the energy difference be-
tween the K(K′) and Q(Q′) minima highlights the importance
of self-consistently incorporating the impact of doping on the
vibrational calculations, where the correct band structure is
necessary in order to appropiately account for the electronic
static-screening (see Eq. 2). Figure 2(d)-(f) compare the un-
doped (solid gray lines) and doped (dashed magenta lines)
adiabatic phonon dipersion relations of the monolayer MoS2
(left) and their corresponding phDOS (right) for the same
three carrier concentrations as in Fig. 2(a)-(c). In the small
doping regime, significant frequency dips of ∼ 5 meV are re-
ported for the A′1 and LA branches at q = Γ and M, that sink
even more as doping increases (see Fig. 2(d) and supplemen-
tal Fig. S2(a)-(d)). This clearly indicates that these normal
modes are coupled to carrier states at K(K′) and Q(Q′) [59],
and are hence effectively static-screened at this level by means
of spin-conserving K(K′) intra-valley and K↔ Q′(K′ ↔ Q)
inter-valley electron-hole pairs (see Fig. 2(a)). At intermedi-
ate doping concentrations, however, frequency softenings also
appear for different branches at q = Q(Q′) and K(K′) (see
Fig. 2(e) and supplemental Fig. S2(e)-(h)). Besides, the pre-
viously observed Kohn anomalies for the LA and A′1 modes
at q= Γ and M are also intensified, the former exhibiting im-
pressively large softening values larger than 10 meV. This di-
rectly results from the enrichment of the FS topology, which
gives rise to additional spin-conserving scattering channels
connecting electron and hole states at the K(K′) and/or Q(Q′)
valleys (see Supplemental Material of Ref.[31]), screening
the lattice vibrations themselves through the electron-phonon
coupling. Finally, within the large doping regime, the in-
plane acoustic Kohn anomalies develop instabilities at the
q = K(K′) and M points, and also at q = Q(Q′) as doping
increases (see Fig. 2(f) and supplemental Fig. S2(i)-(j)). In
this case, all the spin-polarized valleys are occupied, the num-
ber of FS-nesting channels being maximum. Hence, the static
6FIG. 3. Density plot of the phonon spectral function of the monolayer MoS2 for some representative electron-doping concentrations ρ = 0.03
(a), 0.06 (b), 0.09 (c) and 0.12 e/u.c. (d). The color code scale represents the height of the spectral function. Dashed black lines represent the
adiabatic dipsersions. In those areas where ImΠ˜(q,ω) = 0, we use a finite broadening of η = 0.35 meV in order to appreciate the different
phonon peaks.
screening induced by the electron-phonon coupling is so large
that a lattice phase transition is energetically favorable [33].
It is worth noting that the ZA, E′′ and A′′2 normal modes are
practically insensitive to doping through all BZ, as expected
from symmetry arguments [57]. Thus, we exclude them from
our following discussion.
B. Signatures of non-adiabatic corrections to the phonon
spectral functions of the doped monolayer MoS2 due to the
electron-phonon coupling
In this section, we present the first-principles phonon spec-
tral function of the doped monolayer MoS2 including non-
adiabatic renormalizations due to electron-phonon interac-
tions. The phonon spectral function is defined as [36]:
B(q,ω) =− 1
pi ∑ν
ImDν(q,ω), (11)
where the retarded dressed phonon Green’s function is con-
structed as in Eq. 9. Physically, the phonon spectral func-
tion describes the probability density of phonon states in the
momentum-energy (q,ω) space, and is experimentally acces-
sible by means of several techniques [15].
Figure 3(a)-(d) shows the calculated phonon spectral func-
tions of the monolayer MoS2 for the representative carrier
concentrations within the small doping regime, ρ = 0.03
and 0.06 e/u.c., and within the intermediate doping regime,
ρ = 0.09 and 0.12 e/u.c., respectively [60]. The large doping
regime is not shown, since the lattice becomes unstable (see
Fig. 2(f)). The dashed black lines show the corresponding adi-
abatic phonon dispersions. The differences between the adi-
abatic branches and the main features defined by the spectral
function allow to appreciate non-adiabatic corrections.
In the following, we will concentrate on studying more
specifically the large and small momentum regimes, q Γ
and q≈ Γ, respectively, as this will allow us to rationalize the
results with a simple model theoretical treatment.
1. Large momentum regime (q Γ)
By the large momentum regime we refer to the set of wave
vectors away from Γ that take part in the phonon-mediated
inter-valley electronic scattering. This is governed by the
doping-dependent topology of the FS, as already noted in
Sec. IV A, and comprises momenta near q ≈ Q(Q′), K(K′)
and M.
In Fig. 3, we show that the non-adiabatic corrections do
not change the adiabatic vibrational structure within the large
momentum regime, and, to a large extent, the renormalized
phonon frequencies follow the adiabatic ones, i.e. Ων(q) ≈
ων(q). Thus, the only significant spectral feature related to
the electron-phonon coupling is the broadening of the phonon
spectra. Given that in this case the phonon energy is much big-
ger than its lifetime broadening, we can deduce from Eq. 10
that the phonon linewidth can be taken approximately equal
to the imaginary part of the phonon self-energy evaluated at
7FIG. 4. The phonon lnewidth γν (q) as a function of electron-
doping for (a) acoustic and (b) optical vibrational modes at momenta
q ≈ Q(Q′), K(K′) and M, represented by solid blue, dotted red and
dashed green lines. In panel (a), circles and squares represent the
acoustic TA and LA normal modes, respectively, while, in panel (b),
the optical E′ and A′1 normal modes, respectively. The white and
shaded gray areas correspond to the small and intermediate doping
regime, respectively. (c) The electron-phonon coupling strength, λ ,
as a function of doping.
the adiabatic frequency itself, i.e. γν(q)≈
∣∣ ImΠ˜ν(q,ων(q))∣∣.
From the imaginary part of Eq. 8, this is given by
γν(q)≈ piNk
1BZ
∑
k
∑
mn
∣∣gνmn(k,q)∣∣2×(
f (εkn )− f (εk+qm )
)
δ
(
εkn − εk+qm +ων(q)
)
,
(12)
which is the same as one would obtain by Fermi’s golden
rule or the Rayleigh-Schrödinger-like scheme mentioned in
Sec. II. In Fig. 4(a) and (b), we represent the calculated values
of γν(q) as a function of doping for the set of the acoustic TA
and LA and the optical E′′ and A′1 phonon modes, respectively,
evaluated at the momenta q≈ Q(Q′) (solid blue lines), K(K′)
(dotted red lines) and M (dashed green lines). At small dop-
ing concentrations (white area), only the interacting LA and
A′1 normal modes (squares) with momentum q ≈ M exhibit
a weak but appreciable broadening of the linewidth. This is
so because in this regime only these specific normal modes
are allowed to decay by exciting spin-conserving K ↔ Q′
(K′↔ Q) inter-valley electron-hole pairs, which are energeti-
cally possible via the actual phonon structure for doping con-
centrations ρ > 0.045 e/u.c. (see red dashed lines within the
green shaded area in supplemental Fig. S1).
At intermediate doping concentrations (gray area), the addi-
tional energetically available electron-hole pair channels (see
Fig. 2(b)) lead to the effective decay of normal modes also
at q ≈ Q(Q′) and K(K′) by acquiring an appreciable finite
linewidth broadening (see Fig. 3(c) and (d) and supplemental
Fig. S3(e)-(h)). Likewise, the broadening of the above dis-
cussed phonon peaks at q ≈ M is also enhanced. It is par-
ticularly interesting that the LA phonon modes exhibit broad-
ening values as large as three times that of the other modes.
Of course, the phonon linewidth is intimately related to the
electron-phonon coupling strength as [61]
λ =
2
piNEFNq
1BZ
∑
qν
γν(q)
ω2ν (q)
, (13)
where Nq is the number of q-points considered for the BZ
and NEF is the DOS at the Fermi energy, EF. Therefore,
the enhancement of the linewidth broadening of the LA
phonon mode close to q ≈M is directly connected to the en-
hancement of the electron-phonon coupling strength in the
electron-doped monolayer MoS2 from intermediate doping
concentrations (ρ > 0.06 e/u.c.≈ 7×1013 e/cm2), as shown
in Fig. 4(c). This is in agreement with the experimentally
measured superconducting state appearing from this doping
level [27], as well as to the K(K′)-valley intricate electron
photoemission spectrum [28], whose genuine spectral features
have been recently explained in terms of three elementary
many-body carrier quasi-particle states [31].
2. Small momentum limit (q→ Γ)
In the small momentum limit, we focus on the phonon
spectral function for wave vectors close to Γ, that are the
ones which take part in the phonon-mediated intra-valley elec-
tronic scattering. We thus avoid disccussing the acoustic
branches, since their interaction with electrons vanishes when
q→ Γ [37].
Unlike in the large momentum regime, in this case the non-
adiabatic effects are not only limited to the broadening of the
phonon linewidth, but also lead to a large hardening of vibra-
tional frequencies at q = Γ, which is accompanied by an in-
creasingly steeper dispersion of the branch, completely break-
ing the adiabatic picture [12, 13]. While at small doping con-
centrations only the out-of-plane polarized A′1 optical phonon
branch exhibits significant spectral features in Fig. 3(a) and
(b), at intermediate doping concentrations the in-plane polar-
ized E′ optical normal modes also display appreciable spectral
features in Fig. 3(c) and (d). The latter appear rather unsensi-
tive to doping, which is consistent with the fact that electron-
phonon matrix elements do not vary with larger carrier con-
centrations.
Henceforth, we focus exclusively on the A′1 branch, which
reveals the most interesting and complex evolution of the
spectral features upon doping. In order to get more insight
about the physics of this intriguing case, we use a simple
analytic model of the monolayer MoS2 that reproduces the
8FIG. 5. Density plot of the spectral function of the monolayer MoS2 for the A′1 phonon mode obtained by means of ab initio calculations
(left) and the Einstein-like model (right), for the same carrier concentrations as in Fig. 3 and within the small momentum regime along
the ΓK direction. The color code scale represents the height of the phonon spectral function. Dashed black lines represent the adiabatic
dispersion. Solid gray lines bound the electron-hole excitation damping continuum in the simplified model at zero temperature, delimited by:
(q2 +2qkxF)/2m
∗
x > ω > (q2−2qkxF)/2m∗x , where kxF is the Fermi momentum for each x= K (outer lines) and Q-like (inner lines) valley.
first-principles results (see the supplemental Note S3 for de-
tails). We consider an Einstein-like model consisting on a
2D free electron gas interacting with one single optical vi-
brational branch with the same properties as the A′1 phonon
mode. The electron gas is composed of four equivalent K-like
and six equivalent Q-like parabolic bands, one for each di-
rection of the spin polarization and each valley (see Fig. 2(a)-
(c)), with m∗(K) = 0.60 and m∗(Q) = 0.80 electron effective
band masses, respectively. Since the spin-split bands are op-
positely spin-polarized, inter-band scattering can be safely ne-
glected, and thereby, an analytical expression for the phonon
self-energy of the coupled electron-phonon model is built di-
rectly from Eq. 8:
Π˜A′1(q,ω) = 4g
2
A′1
(K)
(
χ0,K2D (q,ω)−χ0,K2D (q,0)
)
+
6g2A′1(Q)
(
χ0,Q2D (q,ω)−χ0,Q2D (q,0)
)
,
(14)
where χ0,x2D (q,ω) and gA′1(x) represent the 2D Lindhard func-
tion [62] and the matrix element describing the coupling of the
A′1 phonon mode of wave vector q = Γ with electrons at the
x= K(K′) and Q(Q′) points, respectively. The latter are taken
from first-principles calculations. Table I gathers the values
of the Fermi level as well as the matrix elements for all the
considered carrier concentrations.
The color code in Fig. 5 represents the spectral function
of the A′1 phonon mode obtained from ab initio calculations
(zoom in of Fig. 3) and using the Einstein-like model, both
evaluated in the small momentum limit along the ΓK direc-
tion for the same carrier concentrations as in Fig. 3 [63]. The
good agreement between both vibrational spectra for all dop-
ing levels confirms that our analytic model contains the rel-
evant physics of the non-adiabatic renormalizations due to
the electron-phonon interaction. We see that the intensity
of the spectral effects decreases with larger carrier concen-
trations within the small doping regime, where only K(K′)
intra-valley electron-hole scattering occurs (see Fig. 5(a)-(b)
and supplemental Fig. S4(a)-(d)). This trend is explained by
a screening induced reduction of the value of the matrix ele-
ment gA′1(K) upon charge carrier accumulation (see Table I).
Oppositely, the spectral effects are outstandingly enhanced as
the doping concentration grows within the intermediate dop-
ing regime, where Q(Q′) intra-valley electronic transitions are
also allowed (see Fig. 5(c)-(d) and supplemental Fig. S4(e)-
(h)). In particular, at ρ = 0.12 e/u.c. in Fig. 5(d), the renor-
malization of the adiabatic frequency ων(q) = 43 meV re-
sults in a sharp phonon peak with maximum at frequency
ω ≈ 57 meV at q = Γ and ω ≈ 63 meV at |q| ≈ 0.05 Å−1
in the ΓK direction. These values correspond to a frequency
enhancement of ∼ 33% and ∼ 46%, respectively, represent-
ing both of them the largest energy renormalization reported
value so far in any material (∼ 30%) [20]. Indeed, at interme-
diate doping concentrations, gA′1(Q) is larger than gA′1(K) and
increases with doping (see Table I), a behaviour that has been
recently explained in terms of an electrostatic screening sup-
pression caused by out-of-plane deformation potentials [25].
9TABLE I. Ab-initio calculated parameters used in the Einstein-like
model for the monolayer MoS2. EKF and E
Q
F are the energies of the
Fermi level with respect to the bottom of the occupied K and Q val-
leys, respectively. gA′1(K) and gA′1(Q) are the intra-band electron-
phonon matrix elements of the A′1 phonon mode at q= Γ interacting
with electron states at strictly k= K and k= Q, respectively.
ρ (e/u.c.) EKF (meV) E
Q
F (meV) gA′1(K) (meV) gA′1(Q) (meV)
0.000 - - 87 66
0.015 28 - 84 68
0.030 67 - 82 69
0.045 91 - 65 86
0.060 104 - 52 98
0.075 110 18 46 104
0.090 112 35 41 109
0.105 111 49 35 114
0.120 107 61 30 119
For all the considered doping levels in Fig. 5, it is seen that
the main renormalized phonon peak acquires an appreciable
broadening at a given finite momentum |q| ≈ 0.03−0.05 Å−1.
By exploring the spectral functions of the Einstein-like model,
we quickly notice that the broadening occurs as soon as the
vibrational peak enters the dissipative electron-hole excita-
tion pair continua of the K and Q-like valleys, bounded by
solid gray lines in Fig. 5. Indeed, phonons with frequencies
higher than the boundary of the Landau damping region have
too much energy to decay by exciting any electron-hole pair,
and are therefore well-defined quasi-particles with long life-
times, since in this case ImΠ˜A′1(q,ω) = 0. However, from
a quantum many-body point of view, these phonons are al-
lowed to simultaneously excite and reabsorb virtual electron-
hole pairs of lower-energy, even in the absence of available
energy [64]. Thereby, a dressing cloud of charge carriers is
produced, which oscillates with the lattice and results in an
increase of the vibrational frequencies. This gives a phys-
ical explanation to the hardening and steeper dispersions in
Fig. 5. Note that close to the border of the damping region,
the undamped renormalized phonon frequency is maximum
and follows the dispersion of the dissipative electronic con-
tinuum edge. Indeed, at this frequency, the lattice and the
dressing electronic cloud vibrate in phase, and therefore, the
phonon phase velocity coincides with the Fermi velocity, vF,
as ΩA′1(q)/|q| ≈ |vF| [12, 13]. At higher momenta, phonons
acquire a finite lifetime, since they are energetically allowed
to decay by exciting real electron-hole pairs, which gives
ImΠ˜A′1(q,ω) 6= 0. Besides, for these damped phonons, the
frequency renormalizations vanish.
The above spectral signatures have been explained with a
simple free electron gas model, and therefore, are not unique
to the doped monolayer MoS2. Indeed, the occurrence of
this phenomenon should be expected for any optical phonon
branch within the small momentum regime in the presence of
strong electron-phonon coupling.
C. Vibrational quasi-particle branch splitting induced by the
electron-phonon interaction in the small momentum regime
We start this final section analyzing in more detail the dy-
namical structure of the spectral function for the strongly
interacting A′1 optical phonon mode within the small mo-
mentum regime. By exploring more closely Fig. 5, we ob-
serve that along with the above illustrated main renormalized
phonon peak around ω ∼ 55− 65 meV, a substantial part of
the spectral weight remains in the lower frequency range of
the phonon spectrum (see blue area). This spectral feature
develops inside the boundary of the dissipative electron-hole
continuum, and thus, has quite a wide structure. While in-
mediately close to q = Γ its spectral weight is negligible,
the low-frequency feature accumulates an increasing weight
when approaching the adiabatic optical branch to the detri-
ment of the high-frequency peak. This weight also increases
with the strength of the non-adiabatic effects, and hence with
the electron-phonon coupling upon doping.
Let us try to explain the vibrational spectral details in terms
of phonon quasi-particle poles. As seen in Sec. II, the quasi-
particle poles of the dressed phonon propagator are properly
defined in the whole complex frequency plane. Besides, the
non-linear character of the Dyson’s equation in Eq. 10 leads to
the possibility of finding several solutions, as found for elec-
trons [11, 31, 40, 41]. Assuming that the phonon self-energy
is analytic in the entire complex frequency plane, the dressed
phonon Green’s function is given by
Dν(q,z) =
2ων(q)
z2−ω2ν (q)−2ων(q)Π˜ν(q,z)
. (15)
Suppose now that this function has several poles, labelled
by the index j, and located in the lower half complex plane
at z( j)ν (q) = Ω
( j)
ν (q)− iγ( j)ν (q). In this way, one can define
the first-order Laurent series expansion of Dν(q,z) (Eq. 15)
around them,
Dqpν (q,z) =∑
j
Z( j)ν (q)
z− z( j)ν (q)
− Z
( j)
ν (q)
z+ z( j)ν (q)
=∑
j
Z( j)ν (q)
2z( j)ν (q)
z2− (z( j)ν (q))2 ,
(16)
where Z( j)ν (q) is the renormalization factor of the phonon
quasi-particle pole, which is mathematically defined as the
complex residue of Dν(q,z) evaluated at z
( j)
ν (q):
Z( j)ν (q) =
1(
z( j)ν (q)/ων(q)
)− Π˜′ν(q,z( j)ν (q)) . (17)
Noting that Z( j)ν (q) is a complex magnitude, the spectral rep-
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FIG. 6. (a) The spectral function and (b) the self-energy for the A′1
phonon mode and ρ = 0.12 e/u.c. evaluated at qs. In panel (a),
the gray area represents the ab initio spectral function, BA′1(qs,ω).
The long-dashed light-blue and short-dashed dark-blue lines repre-
sent the quasi-particle spectral functions resulting from the Rayleigh-
Schrödinger, BRSA′1
(qs,ω), and the Brillouin-Wigner, BBWA′1 (qs,ω), per-
turbation theories. The vertical dotted black arrow indicates the adia-
batic spectral delta-line. In panel (b), the real and imaginary parts of
Π˜A′1(qs,ω) are represented by the solid orange and dashed magenta
lines, respectively. The dotted black line represents the inverse of
D0A′1
(qs,ω), whose cut with ReΠ˜A′1(qs,ω) defines Ω
BW
A′1
(qs).
resentation of Dqpν (q,z) in Eq. 16 can be written as follows
Bqpν (q,ω) =−
1
pi ∑j
ImDqpν (q,ω)
=∑
j
(
Ω( j)ν (q)±ω
)
ImZ( j)ν (q)+ γ
( j)
ν (q)ReZ
( j)
ν (q)
pi
((
Ω( j)ν (q)±ω
)2
+
(
γ( j)ν (q)
)2) . (18)
Again, similar to electrons, the imaginary character of Z( j)ν (q)
in Eq. 18 leads to the appearence of distorted or asymmet-
ric peaks in the vibrational spectral function [41]. Besides,
the total phonon spectral weight coming from the vibrational
quasi-particle modes is equivalent to the sum of the real parts
of Z( j)ν (q) and must be smaller than or equal to unity (see
the supplemental Note S6) [41]. Still, The most standard pro-
cedure to rationalize the phonon spectral function in terms of
quasi-particle solutions is to completely neglect the imaginary
part of the renormalization factors.
In Fig. 6(a), we represent a cut of the dressed phonon spec-
tral function, BA′1(qs,ω) (gray area), calculated from first-
TABLE II. The phonon quasi-particle frequency,ΩxA′1(qs), linewidth,
γxA′1(qs), and renormalization factor, Z
x
A′1
(qs), within the Rayleigh-
Schrödinger (x = RS) and Brillouin-Wigner (x = BW) perturbation
theories, and within the spectral fitting procedure, x = (1) and (2),
starting from the adiabatic frequency ωA′1(qs) = 43.1 meV for the A
′
1
optical phonon mode and ρ = 0.12 e/u.c. at qs. Recall that the quasi-
particle complex poles are defined as zxA′1
(qs) =ΩxA′1(qs)− iγ
x
A′1
(qs).
x ΩxA′1(qs) γ
x
A′1
(qs) ZxA′1(qs)
RS 54.1 meV 8.8 meV 0.78
BW 62.3 meV 3.4 meV 0.69
(1) 62.9 meV 2.6 meV 0.52+ i0.12 (∼ 65%)
(2) 36.3 meV 9.4 meV 0.33+ i0.04 (∼ 35%)
principles (Eq. 11) for the A′1 mode and ρ = 0.12 e/u.c., at
the momentum qs = |q| = 0.05 Å−1 along the ΓK direction.
We also show the phonon quasi-particle spectral functions ob-
tained by considering the Rayleigh-Schrödinger, BRSA′1
(qs,ω)
(see long-dashed light-blue line), and the Brillouin-Wigner,
BBWA′1
(qs,ω) (see short-dashed dark-blue line), perturbation
theories. While BA′1(qs,ω) displays a two peak-like struc-
ture with maxima at ω ≈ 36 and 62 meV, both BRSA′1 (qs,ω)
and BBWA′1
(qs,ω) exhibit a single Lorentzian peaked function.
Their phonon quasi-particle frequency, linewidth and (real)
renormalization factor values are gathered in Table II. Note
that BRSA′1
(qs,ω) completely fails describing the ab initio spec-
tral structure, and BBWA′1
(qs,ω) roughly approximates its high-
frequency spectral feature. This is consistent with the fact that
the Brillouin-Wigner perturbation theory is only valid when∣∣ ImΠ˜A′1(qs,ω)∣∣  ReΠ˜A′1(qs,ω), which is satisfied in the
vicinity ofΩBWA′1
(qs), as can be appreciated in Fig. 6(b). There,
the real and imaginary parts of the first-principles phonon self-
energy evaluated at qs are represented by the solid orange and
dashed magenta lines, respectively.
The low-frequency ab initio spectral feature at ω ≈ 36 meV
develops at frequencies where the imaginary part of the self-
energy is larger than the real part (see Fig. 6(b)). It is therefore
reasonable to think that this spectral feature originates from an
additional phonon quasi-particle pole with larger linewidth.
Using Eq. 18, we developed a numerical fitting procedure of
BA′1(qs,ω) in order to extract the complex poles and the com-
plex renormalization factors of the phonon quasi-particles.
We find that a double complex pole picture is consistent
with the structure of the ab initio phonon spectral function,
whose results are presented in Fig. 7. Their phonon quasi-
particle frequency, linewidth and (complex) renormalization
factor values are gathered in Table II. Note that the spectral
weight corresponding to the high- (1) and low-frequency (2)
poles represent about the 65% and 35% of the total, respec-
tively. The spectral contributions from each phonon quasi-
particle pole are labelled as B(1)A′1
(qs,ω) (short-dashed green
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FIG. 7. (a) Spectral function of the double-phonon quasi-particle pic-
ture for the A′1 phonon mode and ρ = 0.12 e/u.c. evaluated at qs. The
spectral contributions of the high-, B(1)A′1
(qs,ω), and low-frequency,
B(2)A′1
(qs,ω), quasi-partice poles, and their addition, B
qp
A′1
(qs,ω), are
represented by short-dashed red, long-dashed green and solid black
lines, respectively. The inset compares BqpA′1
(qs,ω) with BA′1(qs,ω),
represented by the dashed yellow line. Panel (b) shows the contour
map of the spectral function on the complex plane z, where the two
complex poles are well-defined at z(1)A′1
(qs) and z
(2)
A′1
(qs). The color
code represents the height of the spectral function.
line) and B(2)A′1
(qs,ω) (long-dashed green line), respectively
(see Fig. 7(a)), and their simple addition, BqpA′1
(qs,ω) (solid
black line), fits perfectly with the ab initio spectral function
(see yellow line in the inset panel of Fig. 7(a)). Figure 7(b)
exhibits the contour map of the phonon quasi-particle spectral
function in the whole complex frequency plane, with the high-
and the low-frequency poles found at z(1)A′1
(qs) and z
(2)
A′1
(qs),
respectively. Physically, the high-frequency phonon quasi-
particle mode has its frequency within the Landau damping
region of the K(K′) valleys and acquires a finite linewidth due
to allowed intra-valley electron-hole pairs excitations. How-
ever, it is also more energetic than the threshold of the Lan-
dau damping at Q(Q′) valleys. Thereby, the excitation of vir-
tual electron-hole processes is strongly promoted, leading to a
strong frequency renormalization of this mode (see Sec. IV B).
On the other hand, the low-frequency phonon quasi-particle
mode has its frequency also within the dissipative continuum
of the Q(Q′) valleys. Thus, this mode decays into the cor-
responding electron-hole pair excitations and results highly
damped, with a linewidths 3.5 times larger than that of the
FIG. 8. (a) The renormalized frequency and (b) the linewidth dis-
persions for the A′1 phonon mode and ρ = 0.12 e/u.c., within the
small momentum regime. The adiabatic dispersion is represented by
the dotted black line. The quasi-particle frequencies and linewidths
resulting from the Rayleigh-Schrödinger, ΩRSA′1 (q) and γ
RS
A′1
(q), and
the Brillouin-Wigner, ΩBWA′1 (q) and γ
BW
A′1
(q), perturbation theories
are represented by the long-dashed light-blue and solid dark-blue
lines, respectively. The frequencies and the linewidths of the high-
, Ω(1)A′1 (q) and γ
(1)
A′1
(q), and low-frequency, Ω(2)A′1 (q) and γ
(2)
A′1
(q),
quasi-particle modes are represented by open red circles and open
green squares, respectively. In panel (a), solid gray lines bound the
electron-hole excitation pair continua in the simplified model at zero
temperature as in Fig. 5. The size of the markers is proportional to
the spectral weight of each pole.
high-frequency mode (see Table II).
We conclude that the double-phonon quasi-particle pic-
ture puts in evidence the splitting of the adiabatic A′1 vibra-
tional mode at qs into two different and well-defined non-
adiabatic modes, which is an effect due to the electron-
phonon coupling. Figure 8(a) and (b) compare the frequency
and linewidth dispersions, respectively, of the phonon quasi-
particle modes resulting from the standard methods and the
spectral fitting procedure for the A′1 optical vibrational branch
and ρ = 0.12 e/u.c., within the small momentum regime
along the ΓK direction. A single-phonon quasi-particle pic-
ture (see light-dashed and dark-solid blue lines) is valid very
close to Γ and deep within the Landau damping region, while
the non-adiabatic splitting of the optical branch occurs in the
vicinity of the edge of the electron-hole excitation pair con-
tinua (see gray lines). Moving away from the Γ point, as the
renormalized high-frequency optical branch (see red circles)
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approaches the Landau damping region, its spectral weight
is smoothly transfered to the highly-damped low-frequency
acoustic branch (see green squares). Once the high-frequency
peak overlaps with the electron-hole pair continua at momen-
tum |q| ≈ qs, its linewidth broadens rapidly, coinciding with
the total transfer of its spectral weight to the emergent low-
frequency branch, which follows at higher momenta a damped
dispersion similar to the adiabatic one and a linewidth in the
range of 5−10 meV.
V. CONCLUSIONS
In summary, we have studied the non-adiabatic effects due
to the electron-phonon interaction on the vibrational spectrum
of the electron-doped monolayer MoS2. We have found that
the linewidth of phonon modes increases with doping as the
spin-split conduction-valleys get populated. This causes the
strengthening of the electron-phonon coupling, which is at the
origin of the experimentally measured superconductivity on-
set [27]. Likewise, we have found that as soon as all the spin-
split conduction-valleys are fully occupied, the enhancement
of the electron-phonon interaction is so strong that lattice in-
stabilities are induced in the vibrational structure. Moreover,
we found that the optical branches appear very strongly renor-
malized when approaching the area corresponding to the Lan-
dau damping, the reason being that the virtual excitation of
electron-hole pairs is heavily promoted. In fact, the original
adiabatic branch is split into two physically different quasi-
particle phonon states. Though MoS2 represents a good exam-
ple of strong electron-phonon monolayer system with a rela-
tively simple electron valley structure, it is evident that the
physics described in this article is of a general nature.
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1Supplemental Material for
“Emergence of large non-adiabatic effects induced by the electron-phonon interaction on the complex vibrational
quasi-particle spectrum of the doped monolayer MoS2”
S1. PHONON SELF-ENERGY FROM THE DENSITY LINEAR RESPONSE THEORY
In this section, we present an alternative way for obtaining, from combining density functional perturbation theory and density
linear response theory, the expression in Eq.5 of the main text for the phonon self-energy due to the electron-phonon interaction.
Let start by deducing Eq.2 of the main text. For a relaxed crystal in equilibrium, the Fourier transform of the interatomic force
constant (IFC) matrix within the adiabatic and harmonic approximations is written as follows [S1]
Cαα
′
ss′ (q) =
∫∫ ( ∂n(r)
∂uαs (q)
)∗
∂Vext(r)
∂uα ′s′ (q)
dr+
∫
n(r)
∂ 2Vext(r)
∂u∗αs (q)∂uα
′
s′ (q)
dr+
∂ 2Eion
∂u∗αs (q)∂uα
′
s′ (q)
, (S1)
where n(r), Vext(r) and Eion are the electron charge density, the electron-ion interaction external potential and the Coulomb
interaction energy between nuclei, respectively. uαs (q) corresponds to the displacement of the s-th ion along the α direction
for a lattice distortion of wave-vector q. ∂n(r)/∂uαs (q) is the self-consistent static-screened change of the charge density and
∂Vext(r)/∂uαs (q) is the bare change of the external potential. Within the density linear response theory, the self-consistent
static-screened changes of both the charge density and the external potential are related in the following way [S2]
∂n(r)
∂uαs (q)
=
∫
χ0q(r,r
′,0)
∂Vscf(r′)
∂uαs (q)
dr′, (S2)
where ∂Vscf(r)/∂uαs (q) is the self-consistent static-screened change of the external potential with respect to the ionic displace-
ment uαs (q). χ0q(r,r′,0) is the frequency-independent (ω = 0) component of χ0q(r,r′,ω), which represents the density-response
function of the non-interacting electronic system and is defined as
χ0q(r,r
′,ω) = lim
η→0+
1
Nk
1BZ
∑
k
∑
mn
f (εkn )− f (εk+qm )
εkn − εk+qm +ω+ iη
(
ψkn (r)
)∗ψk+qm (r)(ψk+qm (r′))∗ψkn (r′), (S3)
where εkn and ψkn (r) are the energy and wave function, respectively, of the Kohn-Sham (KS) single-particle electron state of
band index n and momentum k. f (εkn ) represents the Fermi-Dirac (FD) occupation factor of the KS state, η is a positive real
infinitesimal and Nk is the number of k-points considered in the Brillouin zone (BZ). In addition, the self-consistent static-
screened change of the external potential is related to its bare change in the following way [S2]
∂Vscf(r)
∂uαs (q)
=
∂Vext(r)
∂uαs (q)
+
∫
K(r,r′)
∂n(r′)
∂uαs (q)
dr′, (S4)
which can be rewritten as
∂Vext(r)
∂uαs (q)
=
∂Vscf(r)
∂uαs (q)
−
∫
K(r,r′)
∂n(r′)
∂uαs (q)
dr′, (S5)
where K(r,r′) is the Hartree and exchange-correlation kernel. Plugging now Eqs. S2 and S5 into Eq. S1, one easily recovers the
Eq.2 of the main text,
Cαα
′
ss′ (q) =
∫∫ ∂Vscf(r)
∂uα ′s′ (q)
(
χ0q(r,r
′,0)
)∗(∂Vscf(r′)
∂uαs (q)
)∗
drdr′−
∫∫ ∂n(r)
∂u∗αs (q)
K(r,r′)
∂n(r′)
∂uα ′s′ (q)
dr′dr
+
∫
n(r)
∂ 2Vext(r)
∂u∗αs (q)∂uα
′
s′ (q)
dr+
∂ 2Eion
∂u∗αs (q)∂uα
′
s′ (q)
,
(S6)
This expression is based on the adiabatic approximation, i.e. it does only account for the electrostatic screening of lattice vibra-
tions, since charge carriers are assumed to respond instantaneously to the motion of ions. In order to account for the retardation
effects on the electronic response to the ionic motion, i.e. the effects due to the electron-phonon interaction beyond the adiabatic
approximation or simply non-adiabatic effects, a fully dynamic electronic screening must be incorporated in Eq. S6. This should
be properly done by considering the finite-frequency (ω 6= 0) contributions to the non-interacting density-response function,
2together with self-consistent dynamic-screened changes of both the charge density and the external potential, and a frequency-
dependent Hartree and exchange-correlation kernel. Nevertheless, within the standard density functional and density functional
perturbation theory (DFT and DFPT), the kernel and the self-consistent screened derivatives are only statically computed. There-
fore, in practice, the dynamic extension of the IFC matrix Fourier transform in Eq. S6, i.e. Cαα
′
ss′ (q)→Cαα
′
ss′ (q,ω), is limited to
uniquely adopting the full dynamical description of the non-interacting density-response function, i.e. χ0q(r,r′,0)→ χ0q(r,r′,ω).
Thereby, and after some simplifications, the dynamical matrix, which is related to the Fourier transform of the IFC matrix as
Dαα
′
ss′ (q,ω) =C
αα ′
ss′ (q,ω)/
√
MsMs′ , can be written and split into two different static and dynamic contributions as [S3]
Dαα
′
ss′ (q,ω) = D
αα ′
ss′ (q)+ Π˜
αα ′
ss′ (q,ω) (S7)
where Dαα
′
ss′ (q) =C
αα ′
ss′ (q)/
√
MsMs′ is the adiabatic dynamical matrix. The adiabatic phonon modes or lattice vibrational modes
are defined as the solutions of the following eigenvalue problem [S1]
∑
s′α ′
Dαα
′
ss′ (q)e
s′α ′
ν (q) = ω
2
ν (q)e
sα
ν (q), (S8)
where ων(q) and esαν (q) are the frequency and polarization vector, respectively, of the phonon mode of branch index ν and
momentum q. In Eq. S7, Π˜αα ′ss′ (q,ω) represents the non-adiabatic contribution to the dynamical matrix, and is written as follows
Π˜αα
′
ss′ (q,ω) = limη→0+
1
Nk
1BZ
∑
k
(
gsαmn(k,q)√
Ms
)∗
gs
′α ′
mn (k,q)√
Ms′
(
f (εkn)− f (εk+qm)
εkn− εk+qm+ω+ iη −
f (εkn)− f (εk+qm)
εkn− εk+qm
)
, (S9)
where the self-consistent static-screened deformation potential matrix element is defined as
gsαmn(k,q) =
∫ (
ψk+qm (r)
)∗ ∂Vscf(r)
∂uαs (q)
ψkn (r)dr=
〈
ψk+qm
∣∣∣∣ ∂Vˆscf∂uαs (q)
∣∣∣∣ψkn〉, (S10)
which physically describes the strength or probability amplitude of the effective coupling between the KS eigenstates |ψkn 〉 and
|ψk+qm 〉 via the self-consistent static-screened change of the external potential induced by the ionic displacement uαs (q). If one
rewrites now the dynamical matrix in Eq. S7 in the basis of adiabatic vibrational normal modes by a unitary transformation, one
finds
Dνν ′(q,ω) =∑
sα
s′α ′
(
esαν (q)
)∗Dαα ′ss′ (q,ω)es′α ′ν ′ (q)
=∑
sα
s′α ′
(
esαν (q)
)∗Dαα ′ss′ (q)es′α ′ν ′ (q)+∑
sα
s′α ′
(
esαν (q)
)∗Π˜αα ′ss′ (q,ω)es′α ′ν ′ (q)
= ω2ν (q)δνν ′ +2
√
ων(q)ων ′(q)Π˜νν ′(q,ω),
(S11)
whose eigenvalue problem is equivalent to the vibrational quasi-particle equation. The expression for the retarded phonon
self-energy that only accounts for the non-adiabatic effects due to the electron-phonon interaction is given by Π˜νν ′(q,ω) =
Πνν ′(q,ω)−Πνν ′(q,0), where Πνν ′(q,ω) is the retartded phonon self-energy that takes into account both the adiabatic and
non-adiabatic effects due to the electron-phonon interaction, and is obviously defined from the above as follows [S4]
Πνν ′(q,ω) = lim
η→0+
1
Nk
1BZ
∑
k
∑
mn
(
gνmn(k,q)
)∗gν ′mn(k,q) f (εkn)− f (εk+qm)εkn− εk+qm+ω+ iη . (S12)
The self-consistent static-screened electron-phonon matrix element is given by [S4]
gνmn(k,q) =∑
sα
esαν (q)√
2ων(q)Ms
gsαmn(k,q) =∑
sα
esαν (q)√
2ων(q)Ms
〈
ψk+qm
∣∣∣∣ ∂Vˆscf∂uαs (q)
∣∣∣∣ψkn〉, (S13)
which physically describes the strength or probability amplitude of the effective coupling between |ψkn 〉 and |ψk+qm 〉 via the
phonon mode of branch index ν and momentum q. As one can easily appreciate, Eq.5 of the main text is identical to the
diagonal elements (ν = ν ′) of Eq. S12.
3S2. NON-SELFCONSISTENT CALCULATION OF THE ADIABATIC DYNAMICAL MATRIX WITH SMALLER SMEARINGS
ON A FINER k-MESH THAN STANDARD DFPT CALCULATIONS
In this section, we briefly present the simple non-selfconsistent procedure based on the Wannier interpolation of electron-
phonon matrix elements for computing dynamical matrices on a finer k-mesh and with smaller smearing than the initial DFPT
calculations. From Eq. S6 and employing relations and simplications already used above, the adiabatic dynamical matrix can be
rewritten in the following way
Dαα
′
ss′ (q) =
1
Nk
1BZ
∑
k
∑
mn
(
gsαmn(k,q)√
Ms
)∗
gs
′α ′
mn (k,q)√
Ms′
f (εkn ,σ)− f (εk+qm ,σ)
εkn − εk+qm
+
1√
MsMs′
(∫
n(r)
∂ 2Vext(r)
∂u∗αs (q)∂uα
′
s′ (q)
dr+
∂ 2Eion
∂u∗αs (q)∂uα
′
s′ (q)
−
∫∫ ∂n(r)
∂u∗αs (q)
K(r,r′)
∂n(r′)
∂uα ′s′ (q)
dr′dr
)
.
(S14)
where the dependence of the FD occupations factors on the smearing σ is now explicitly indicated, which are expressed as
follows
f (εkn ,σ) =
1
1+ e(εkn−EF)/σ
(S15)
with EF the Fermi energy. Our DFPT dynamical matrix calculations on a coarse 8× 8 q-mesh are based on a converged
DFT electronic ground-state computation that has been previously carried out for all the considered doping levels in a coarse
Nck = 32× 32 mesh in combination with a Gaussian smearing of σ c = 5 mRy, as mentioned in Sec.III of the main text. This
smearing value is equivalent to an energy of ∼ 68 meV and a temperature of ∼ 790 K, which, despite having been used in
previous phonon calculations [S5, S8–S10], is comparable to remarkable changes in the topology of the Fermi surface (FS) upon
doping. This differnces can be seen in Sec.IV.B of the main text and in Fig. S1(a)-(j) where we present the conduction-band
structure, corresponding density of states and FS contour of the electron-doped monolayer MoS2 for all the considered carrier
doping concentrations. Indeed, such a high smearing leads to a smoothing of the FS that can mask pronounced fluctuations of
its structure, which are at the origin of several interesting electron-phonon properties and phenomena such as Kohn anomalies
(KAs). One would like DFPT calculations to be performed with smaller smearings in order to be as reliable as possible, but this
evidently demands finer k-meshes for achieving converged results, which makes self-consistent calculations prohibitive.
Conversely, one can take advantage from the first term on the right-hand side (r.h.s.) of Eq. S14 and devise a non-selfconsistent
scheme similar to that of Ref. [S11]. In fact, the latter matrix accounts for the effective phonon-mediated electrostatic screening
between occupied and empty states on the lattice vibrations, and is already accessible once KS energies as well as deformation
potential matrix elements are calculated from DFT and DFPT calculations. The idea for getting a more realistic “approximated”
adiabatic dynamical matrix calculation is to compute the first term on the r.h.s. of Eq. S14 with Nfk and σ
f finer parameters, and
subsitute it with the one using Nck and σ
c coarse parameters from the initial DFT calculation, in the following way
D˜αα
′
ss′ (q) = D
αα ′
ss′ (q)+Π
αα ′
ss′ (q,N
f
k,σ
f)−Παα ′ss′ (q,Nck,σ c), (S16)
with
Παα
′
ss′ (q,Nk,σ) =
1
Nk
1BZ
∑
k
∑
mn
(
gsαmn(k,q)√
Ms
)∗
gs
′α ′
mn (k,q)√
Ms′
f (εkn ,σ)− f (εk+qm ,σ)
εkn − εk+qm
. (S17)
In the main text, the converged 1BZ summation of the finer matrix Παα ′ss′ (q,N
f
k,σ
f) in Eq. S17 is computed using a finer
Nfk = 720×720 mesh, which allows to use a smaller smearing σ f = 5 meV. This is done by interpolating the KS single-electron
energies, εkn, and deformation potential matrix elements, gsαmn(k,q), on the corresponding finer k-mesh by means of Wannier
functions [S3]. The sum over the band indexes m and n of Eq. S17 runs over the low-energy spin-split conduction-bands. Once
this done, the dynamical matrix D˜αα
′
ss′ (q) is calculated by means of Eq. S16, and the adiabatic phonons are obtained by solving
the eigenvalue problem, det
∣∣D˜αα ′ss′ (q)−ω2∣∣ = 0. Figure S2(a)-(j) compare the undoped (see solid thin black lines) and doped
adiabatic phonon dispersion relations of the electron-doped monolayer MoS2 for all the considered carrier doping concentrations.
The doped dispersions are computed directly from DFPT calculations with the coarse k-mesh and smearing parameters (see
short-dashed cyan lines), but also from the non-selfconsistent scheme with the finer parameters (see long-dashed magenta lines).
It is specially striking the enhancement of vibrational dips and KAs within the finer evaluation of the lattice vibrations, for
which acoustic phonons become softer modes and even lattice instabilities (see Fig. S2(i)-(j)) with the population of the higher
spin-split valleys at the Q(Q′) points (see Fig. S1(i)-(j)).
4S3. ANALYTICAL EXPRESSION FOR THE PHONON SELF-ENERGY FOR AN EINSTEIN-LIKE MODEL OF A 2D COUPLED
ELECTRON-PHONON SYSTEM
Our Einstein-like model consists on a bare free electron gas with a single and non-degenerate parabolically dispersing band,
εk = |k2|/(2m∗)−EF, with m∗ the electron effective band mass and EF the energy of the Fermi level. This band interacts with
a single optical phonon mode, supposed here adiabatic, of frequency ωo at zero temperature. The strength of the coupling is
defined by means of a constant electron-phonon matrix element go. From Eq. S12, the phonon self-energy that accounts for the
non-adiabatic renormalization effects due to the electron-phonon interaction within this model is written as
Π˜o(q,ω) = lim
η→0+
g2o
1
Nk
1BZ
∑
k
(
f (εk)− f (εk+q)
εk− εk+q+ωo + iη −
f (εk)− f (εk+q)
εk− εk+q
)
. (S18)
Intra-valley processes are exclusively considered in the present model. Since the case we are dealing with is a monolayer, i.e. a
pure 2D material, we conveniently approach the sum in Eq. S18 to a 2D integral
lim
Nk→∞
1
Nk
1BZ
∑
k
= A
∫ dk
(2pi)2
, (S19)
where A is the area of the unit cell. Performing the above substitution in Eq. S18, the non-adiabatic phonon self-energy for the
2D Einstein model can be rewritten as
Π˜2Do (q,ω) = g
2
o
(
χ02D(q,ω)−χ02D(q,0)
)
, (S20)
where χ02D(q,ω) is the integral expression for the 2D Lindhard function, i.e. the polarizability or density-response function for
the 2D non-interacting free electron gas, given by
χ02D(q,ω) = limη→0+
A
∫ dk
(2pi)2
f (εk)− f (εk+q)
εk− εk+q+ω+ iη . (S21)
This integral has the following well-known analytical result [S12]
χ02D(q,ω) =−nFA
(
1± 1
2q2
2m∗ω∓q2∣∣2m∗ω∓q2∣∣
√(
2m∗ω∓q2)2− (2kFq)2), (S22)
where nF = m∗/(2pi) is the density of states (DOS) of a 2D free electron gas evaluated at the Fermi level and kF represents
the electron momentum at the Fermi level, kF =
√
2m∗EF. The analytical expression for the 2D Lindhard function in Eq. S22
depends explicitly on the latter magnitudes.
This model has been used for evaluating and understanding non-adiabatic renormalization effects on the A′1 optical phonon
branch of the electron-doped monolayer MoS2 in the small momentum regime, q→ Γ. The low-energy range of conduction-
bands consists of two almost spin-degenerated valleys in the k = K(K′) points and two spin-split valleys in the k = Q(Q′)
points, which each have three equivalent points inside the BZ. In the model, we consider 4 equivalent K-like valleys as well
as 6 equivalent lower spin-split Q-like valleys. Higher spin-split bands of the Q(Q′) points are not included within the model,
since the lattice becomes unstable as soon as these valleys are populated (see Fig.2(c) of the main text and Fig. S2(i)-(j)). The K-
and Q-like valleys energy dispersions have been characterized by means of a parabolic fit for the ab initio calculated structures
with respect to the ΓK direction. We obtain m∗(K) = 0.60 and m∗(Q) = 0.80, respectively. Following all the above arguments
and explanations, we arrive to the following expression for the non-adiabatic phonon self-energy of the 2D Einstein model,
equivalent to the Eq.16 of the main text,
Π˜A′1(q,ω) = 4g
2
A′1
(K)
(
χ0,K2D (q,ω)−χ0,K2D (q,0)
)
+6g2A′1(Q)
(
χ0,Q2D (q,ω)−χ0,Q2D (q,0)
)
, (S23)
where χ0,x2D (q,ω) and gA′1(x) represent the 2D Lindhard function and the intra-band electron-phonon matrix elements for the A
′
1
phonon mode at q= Γ interacting with electron states at strictly x= K and x= Q valleys, respectively. The Fermi level energy,
and hence the Fermi momentum, and the electron-phonon matrix elements for each equivalent valley and the A′1 optical phonon
branch are taken equal from first-principles calculations for all the considered carrier concentrations and are collected in the
Table I of the main text.
5S4. DOPING-DEPENDENT ELECTRON CONDUCTION-BAND STRUCTURE AND ADIABATIC PHONON DISPERSION
RELATION OF THE MONOLAYER MoS2
FIG. S1. Electron conduction-band structure (left) and its corresponding DOS (right) of the monolayer MoS2 for the electron-doping con-
centrations ρ = 0.015 (a), 0.030 (b), 0.045 (c), 0.060 (d), 0.075 (e), 0.090 (f), 0.105 (g), 0.120 (h), 0.135 (i), 0.150 e/u.c. (j). The insets in
left panels show the FS contour. Solid blue and dashed red lines represent opposite out-of-plane spin-polarized bands. The Fermi level is set
to zero (horizontal dotted black line). Horizontal dashed-dotted green lines delimit the energy window (shaded green areas) within which an
electron-hole pair can be excited (relaxed) by the decay (emission) of a phonon with maximum frequency ωmax = 60 meV.
6FIG. S2. Phonon dispersion relation (left) and its corresponding phDOS (right) of the monolayer MoS2 for the electron-doping concentrations
ρ = 0.015 (a), 0.030 (b), 0.045 (c), 0.060 (d), 0.075 (e), 0.090 (f), 0.105 (g), 0.120 (h), 0.135 (i), 0.150 e/u.c. (j). Solid thin black lines
represent the undoped phonon branches. Short-dashed cyan and long-dashed magenta lines represent the doping-dependent phonon branches
evaluated directly from DFPT calculations and by means of the non-selfconsistent procedure described in Sec.S2, respectively
7S5. DOPING-DEPENDENT PHONON SPECTRAL FUNCTION OF THE MONOLAYER MoS2
FIG. S3. Density plot of the phonon spectral function of the monolayer MoS2 for the electron-doping concentrations for which the lattice is
stable ρ = 0.015 (a), 0.030 (b), 0.045 (c), 0.060 (d), 0.075 (e), 0.090 (f), 0.105 (g) and 0.120 e/u.c. (h). The color code scale represents the
height of the spectral function. Dashed black lines represent the adiabatic phonon dipsersions. In those areas where ImΠ˜ν (q,ω) = 0, we use
a finite broadening of η = 0.35 meV in order to appreciate the different phonon peaks.
8FIG. S4. Density plot of the spectral function of the monolayer MoS2 for the A′1 phonon mode obtained by means of ab initio calculations (left)
and the Einstein-like model (right) for the electron-doping concentrations for which the lattice is stable and in the small momentum regime
along the ΓK direction. The color code represents the height of the phonon spectral function. Dashed black lines represent the adiabatic
dispersions. Solid gray lines show the electron-hole excitation damping continuum boundaries in the simplifed model at zero temperature,
(q2 +2qkxF)/2m
∗
x ≥ ω ≥ (q2−2qkxF)/2m∗x , where kxF is the Fermi momentum for each x= K (outer lines) and Q-like (inner lines) valley.
9S6. THE SPECTRAL REPRESENTATION ANDWEIGHT OF THE PHONON QUASI-PARTICLE LAURENT EXPANSION
From Eq.16 of the main text, we have that the first-order Laurent expansion of the Green’s function for a dressed phonon of
branch index ν and momentum q around the vibrational quasi-particle poles is defined as
Dqpν (q,z) =∑
j
Z( j)ν (q)
z− z( j)ν (q)
− Z
( j)
ν (q)
z+ z( j)ν (q)
= Z( j)ν (q)
2z( j)ν (q)
z2−
(
z( j)ν (q)
)2 , (S24)
where the index j labels the different solutions of the vibrational Dyson’s Equation, with complex poles defined as z( j)ν (q) =
Ω( j)ν (q)− iγ( j)ν (q), where Ω( j)ν (q) and γ( j)ν (q) are the frequency and linewidth of the j-th phonon quasi-particle mode. Z( j)ν (q) =
|Z( j)ν (q)|eiθ
( j)
ν (q) is the renormalization factor of the phonon quasi-particle pole, which is mathematically defined as the complex
residue of Dν(q,z) evaluated at z
( j)
ν (q) (see Eq.15 of the main text) The corresponding phonon quasi-particle spectral function
of Eq. S24 is given by
Bqpν (q,ω) =−
1
pi
ImDqpν (q,ω) =
1
pi ∑j
[(
Ω( j)ν (q)±ω
)|Z( j)ν (q)|sin(θ ( j)ν (q))(
Ω( j)ν (q)±ω
)2
+
(
γ( j)ν (q)
)2 + γ( j)ν (q)|Z( j)ν (q)|cos
(
θ ( j)ν (q)
)(
Ω( j)ν (q)±ω
)2
+
(
γ( j)ν (q)
)2
]
=
1
pi ∑j
2|Z( j)ν (q)|
[((
Ω( j)ν (q)
)2
+(γ( j)ν (q)
)2)(γ( j)ν (q)cos(θ ( j)ν (q))+Ω( j)ν (q)sin(θ ( j)ν (q)))(
Ω( j)ν (q)
)4
+2
(
Ω( j)ν (q)
)2((γ( j)ν (q))2−ω2)+((γ( j)ν (q))2 +ω2) +
ω2
(
γ( j)ν (q)cos
(
θ ( j)ν (q)
)−Ω( j)ν (q)sin(θ ( j)ν (q)))(
Ω( j)ν (q)
)4
+2
(
Ω( j)ν (q)
)2((γ( j)ν (q))2−ω2)+((γ( j)ν (q))2 +ω2)
]
.
(S25)
As one can rapidly see from the second and third lines on the right-hand side of Eq. S25, Bqpν (q,ω) is an even function,
i.e. Bqpν (q,ω) = B
qp
ν (q,−ω), and therefore the following equality is fulfilled∫ ∞
0
Bqpν (q,ω)dω =
1
2
∫ ∞
−∞
Bqpν (q,ω)dω. (S26)
In this regard, to perform the integration of the first line on the right-hand side of Eq. S25 along the whole real axis is a trivial
operation, since the integral of the first odd term is null, and that of the second one is a weighted Lorentzian function, whose
integral is equal to unity. Following these arguments, we obtain to the following relation∫ ∞
0
Bqpν (q,ω)dω =∑
j
|Z( j)ν (q)|cos
(
θ ( j)ν (q)
)
=∑
j
ReZ( j)ν (q)6 1, (S27)
which clearly shows that the total vibrational spectral weight coming from the phonon quasi-particle modes is equal to the sum
of the real parts of the renormalization factors, and must be smaller than or equal to unity.
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